What has not been considered is what minimal value r can take for a given interior boundary and what multiplicities can occur for the minimal r. This is part of the problem of determining more about the branch points, poles, and zeroes of light open mappings of the two-cell into the two sphere (see [2, p. 76] ). An algorithm is presented here which answers this question for the case that S is a representation of a normal curve. A mapping 8 of an oriented one-dimensional manifold 7 into the complex plane E2 is called a representation ; if 8 possesses a continuous nonvanishing tangent 8' then 8 is called a regular representation. An image point 80 of a regular representation Sisa vertex if there exist exactly two distinct points x and y such that S(x) = 8(y) = S0 and if the tangents S'(x) and S'(y) are linearly independent. A regular representation is normal if it has a finite number of vertices and every other image point has but one pre-image. Two representations (regular representations) 8 and e are equivalent if there exists a sense-preserving homeomorphism c4:7-^7 such that e = So<£ (and </>' is continuous and nonvanishing). A regular (normal) curve is then defined to be an oriented curve with a regular (normal) representation.
In [4] Titus has given an algorithm to determine if a normal representation S is an interior boundary. His method is to "cut" 8 into two normal representations 8* and 8** in such a way that 8 is an interior boundary if and only if 8* and 8** are and S* and 8** have less vertices than S. The algorithm presented in this paper is closely related to Titus' ; in fact, his cut of Type IF is unchanged here. The Titus cut of Type I destroys information about branch point structure and so another type of cut is introduced. This new cut algorithm not only answers questions about the branch point structure but can also be used to determine if a normal representation is an interior boundary. The price paid for this dual capability is increased complexity of the algorithm.
2.
Preliminaries. In what follows S will be a representation of a closed curve. Let [S] denote the point set consisting of image points of 8. Let w(8, p) be the index of 8 about a point p not in [8] .
The outer boundary of S will be the subset of [8] which is contained in the closure of the unbounded component of the complement of [8] ; an outer point p is a point on the outer boundary such that p has but one pre-image. For normal 8 and any nonvertex/» one can define w + (8, p) and w~(8, p) as the larger and smaller winding numbers of points p' near p but not on [8] . An outer point p is positive [negative] 
Let S be normal and let 8(0) be an outer point where 8 is given by the complexvalued function 8(t) = a(t) + ib(t) with t the usual angle parameter, 0^r<27r. Index the n vertices in the natural way by traversing the curve with increasing t and using consecutively the integers l,2,...,n; thus 8X, 82,..., 8n. (See Figure 1 .) The 2« pre-images of the vertices will be denoted by the lower case Roman equivalent of the Greek letter denoting the curve and they will be indexed so that 0<cÍl < • • • <d2n<2-n. Denote d} also by c/* if 8(d¡) = 8(dk) for j¥=k; thus, 8(dJü) = 8(dK) for all k. Define the function v by
Let t'k yet be another name for the smaller pre-image of 8k and let t"k be the other pre-image. Define the function A on the set of vertices by
Given any pair of distinct vertices 8;. and 8k, define the following relations :
(i)./3*if/í</í«S«7. (4) j | k if either t'f < t"¡ <t'k<t'k or t'k < tk < t'¡ < t'¡.
For a normal 8 with p = 8(0) a positive outer point, the intersection sequence of S with respect to p is defined by the sequence {dk}, the values of d£, and the values of v(k) for each k. A pair of normal representations S and v have isomorphic intersection sequences if they have the same number of vertices, df = dk if ef = ek, and v(dk) = v(ek). As will be seen from the following theorem if two representations
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Figure 1 have isomorphic intersection sequences, they are equivalent ; moreover, if one has an extension to the disk with certain topological properties, so will the other. Hence we consider two representations with isomorphic intersection sequences as interchangeable.
Theorem [4, p. 49] . Let 8 be a normal representation defined on a Jordan curve D; let e be normal and defined on the Jordan curve E. Suppose that each curve has a positive outer point and the curves have isomorphic intersection sequences. Then there exists a sense-preserving homeomorphism « of E2 onto E2 taking D onto E such that eh = S (juxtaposition denotes function composition). . Implicit in the previous remark is the fact that a representation 8 with A=l is an interior boundary. We shall state that as soon as we develop a few preliminaries.
Consider the vertices of 8 as a partially ordered set under the relation 8y > 8fc if j=>k. A chain will be a maximal totally ordered set of vertices. A normal 8 is called properly nested if for any two vertices 8; and 8k either j => k, k^j, or j\k. Lemma 1. Suppose 8 is a normal representation with a positive outer point. If X(k) = 1 for k= 1, 2,..., n, then 8 has nonnegative winding number at every point and 8 is properly nested. If cT* is not dk_x, then d*<dk-x; thus, one of the following holds:
Proof
(1) dk*-x<dk*<dk.x<dk, (2) d£<dk-x<dk<dk*-x, (3) dk*<dk*_x<dk.x<dk. Cases (1) and (2) cannot hold, since by Lemma 1, S is properly nested. If (3) holds, then the vertex 8(dk-x) = 8p is such that m^p; but Sm is minimal. It must be then that d£ = dk-1.
The converse follows immediately from the definition of terminal vertex. Applying this same theorem at yx, we produce an arc Kx with yx one end point, f(Kx)<=-[y], and Kx intersects D -D only at its other end point zx, if at all. Let LX = HX u Kx; note that f(Lx)<= M. \fzx e D, then f(zx) = 8m and a repetition of the above process produces an arc 72 with end point at zx such that /(72) <= Af. This process must terminate after a finite number of steps since properly interior mappings are finite-to-one. Thus, the last arc produced, say 7" must have one end point in D-D. Since/is a local homeomorphism at each point of D -D, this end point must be t"m. Hence, the arc 7=71u---u79 intersects D -D only in the points t'm and t"m; also, f(P) = M. Then 7=7 u 7is the desired Jordan curve.
On 7the mapping/is topologically equivalent to w=zk on \z\ = 1 for some k> 1
by Theorem 4.3 [6, p. 86].
Definition. Let 8,f and 7 be as in Lemma 3. Any branch points off (or their multiplicities) in Ins 7 are said to belong to the terminal vertex Sm.
Let p. be a finite sequence of positive integers, i.e., p=p(l),..., p(k). Define \p\=k. We do not require that the p(j) be distinct nor that \p\ be the same for every p considered. For an interior boundary 8, define F(8) to be the set of all sequences p such that 8 has a properly interior extension/with exactly \p\ branch points of multiplicities p(l), p (2) Suppose that 8 has every chain of length 1 and has s such chains. By Lemma 3, 8 has at least í branch points. But the tangential winding number of S is s+1 and so every branch point has multiplicity one. We can thus ignore this case. Proof. We first dispose of (1) by appealing to Lemma 3. To each terminal vertex there corresponds a Jordan curve7on which/, an extension of 8, is topologically equivalent to w = zk, k> 1, on |z| = 1. There must be a branch point in Ins 7; S2 = 8* Figure 2 if \p\ is to be minimal there can be only one, since/can be redefined to be topologically equivalent to w=zk on \z\ < 1 in Ins 7. Now we turn our attention to (2) . First suppose p is in F(8) with \p\ minimal. Let/be an extension of 8 to D with branch point structure given by p, where p(j) belongs to the terminal vertex 8¿, 1 SjSs.
Let 8, be a terminal vertex in 7 Then there exists a Jordan curve 7 as in Lemma 3 such that, on 7, /is topologically equivalent to w = zk on |z| = l. Note that k = p(j) -1 since p(j) belongs to S;. We may assume that, on 7 u Ins 7, / is topologically equivalent to w = zk on \z\ S 1. The map g is a properly interior extension of 8 with the loop corresponding to S; removed. Note that g has the same branch point structure as / except that the branch point of multiplicity p(j) has been replaced by one of multiplicity p(j) -l.
We continue this process, removing the loops associated with the vertices in I and obtaining an extension/* of 8* with multiplicities p(l), p(2),..., p(r), p(r+1)-1,..., p(s) -l. Applying Lemma 3 to 8*+1 yields a Jordan curve7 such that/* |7 is topologically w=zk on \z\ = 1. If z, is the branch point off of multiplicity p(j) belonging to 8; in I, then by the construction above we can assume that there is a z'j which is a branch point of/* of multiplicity p(j)-1. Since p=>j and p(j) belongs to Sy, we can also assume that z'¡ is in Ins 7. Thus, k = Jisj=r + x (p(j)~ 1) = P*(r+ 1). We can define/* to be topologically z«*<r + 1> + 1 on 7 u Ins 7. This process produces an extension of 8* with branch point structure p*. Now suppose p* belongs to F(8*) and let/* be a properly interior extension of 8* to D with branch point structure given by p*, where each p*(j) belongs to a terminal vertex of 8*. Let S*+ x be as before and let 7 and 7 be as in Lemma 3. Then /*|7is topologically zß'ir+1) + 1 on \z\ = 1. Consider the following Claim. Let 7 be a Jordan curve and suppose f\J is topologically equivalent to w=zk on \z\ = 1. Let 7be a closed arc in 7 such that/maps both end points into the same point, but is 1-1 on the rest of 7. For any integers p(l), p(2),..., p(u) such that 2f=i p(i) = k-1, there exists a properly interior map g on 7 u Ins 7 such that g|7=/and g has branch points of multiplicities p(l),..., p(u) (consequently, only those multiplicities occur). Furthermore, if tx, t2,..., tv are any points of 7, there exist arcs y1, y2,..., yu in 7 u Ins 7 such that for each/ yj intersects 7 only at t¡, the other end point of y1 is the branch point of multiplicity p(j),f is 1-1 on y', and yi r\yi = 0 if ijíj. We make a slight abuse of language and extend the claim to the case where some of the p(i)=0; i.e., some of the end points of the y' need not be branch points.
If the claim is true, we apply it for/*, 7 and 7 as in the paragraph preceeding the claim. Then k = p*(r+l)+1 and let p(i) = p(i)-l, r+lSiSs. By hypothesis k-l =p*(r+ l) = 2f=r + i p(i). Suppose without loss of generality that D is the unit disk in the complex plane and yr+1 = {z \ z real, OSzS 1}. We define a mapping « on the unit disk as follows. On the part of the unit disk with Im z^O define « to be f*(z2). Let K be a Jordan curve tangent to [8*] atf*(tx) and such that/*(y1) is in Ku Ins K but intersects K only at f*(tx). Define « on {eie 177^0^277} so that it traces K in a positive orientation as 0 increases from 77 to 277 and h(eix) = h(ei2n) =f*(tx). Then « can be defined on {z | 0^ \z\ S 1,77< arg z<2t7} to be a homeomorphism and so that « is continuous on the whole disk. By Theorem 9 [5, p. 336], « will be properly interior. Note that « has a branch point at zero of multiplicity p(r+1) and elsewhere the multiplicities are the same as those off*. If we repeat this process for each of the other values i=r+2,..., s,we will have produced a representation that adds the loops corresponding to the terminal vertices of 8 in 7 We also obtain a properly interior extension of this representation which has branch point structure as in (2) . Hence, we have proved the theorem if we establish the claim.
The claim will be proved by induction on u. If u= 1, the claim is clear. Suppose it true for u-1 > 1. Without loss of generality take 7 and/(7) to be the unit circle. By the induction hypothesis there is a map g, and arcs y1,..., yu~1 which satisfy the claim with respect to z°a) + ■•• +" ("-d + 1 and p(l),..., p(u-1) . Let e be an arc in Ins g(J) with one end point at g(tv), which does not intersect any g(y'). By Theorem 1 [1, p. 49], there is an arc e in Ins 7 with one end point at tv, mapping homeomorphically onto e. Note we are done if p(u) = 0. Assume again without loss of generality that tv=l,e={z\ zreal, O^z^ 1}, andg\e = zpiu)+1. Define/on 7 u Ins 7 by letting/be g(zpW + 1) on {z | 0^|z|^l, 0^argz^27r/(,5(M)-|-l)} and zi,(u) + 1 on the rest of the unit disk. Then / has the required properties, where yu is e. This establishes the claim and hence, the theorem.
Using Theorem 1 we can test whether p is in Y(8) or not, with \p\ minimal, by examining p*. There is an improvement in our situation since 8* has all chains no longer than those of S and at least one strictly shorter. Thus, repeated application S3 = (82)* Figure 3 [April of the theorem reduces the problem to examining a representation with every chain of length one. In this case the only admissible p is one which has a branch point of multiplicity one belonging to each terminal vertex. Also, starting with such a representation we can build up to a p in Y(8) by using the theorem in the other direction.
Note that at any point there may be several chains which are of maximal length and so there are several choices for which 8* to use. Since the theorem is "if and only if" it is immaterial which S* is chosen.
Example. In Figures 1-4 we reduce a representation by the method of the theorem until we obtain the representation S4 (Figure 4 License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 4. The cut process. Let 8 be a normal representation of a closed curve. In this paragraph we define representations which are "more like" representations with A=l. We show that these representations determine whether 8 is an interior boundary and, if so, determine the branch point structure of 8.
Assume 8 has nonnegative circulation; otherwise, it cannot be an interior boundary. If S has A( ;) = 1 for all vertices 8¡, then Theorem 1 gives the desired information about 8 and T(S). So we assume that this is not the case; we select a positive outer point 8(0) and, with respect to that, number the vertices as in Paragraph 2. We select the least q such that X(q)= -1.
Suppose P={8¡ \j<q, t'¡, t"¡<Q. By choice of q, for any S¡ and S,-in P, either i^>j,j=>i, or i\j. A nonempty subset P' of P will be called a nest if (i) there exist some a,b<q such that 8a, S¡, are not in P and 0<t'a<t'¡<t"j<t'b<t'q for every 8, in P'.
(ii) given any 8, and S; in P', if there exists a 8k, k<q, with t[<t'k<t'j, then 8k must be in P'.
Let the nests of 8, if there are any, be Px, P2,..., Pp. Given a nest Pr, pick sr and ur such that 0 < sr < t'} < t" < ur < t'q for every Sy e Pr and if k is such that sr < t'k or t"k < ur, then 8k is in Pr. Let yr represent an arc which intersects Before we begin proving theorems about these representations, we will modify er and C so that they are normal. Some of the other representations will be modified in §5. Let x be a point on [ß] such that x is encountered before 8(sr) and there are no vertices of S on [ß] between x and 8(sr). Let a represent an arc which touches [8] only at its end points, x and 8(ur). Assume a is oriented from x to S(wr) and is mod 8 modS* Figure 7 8" Figure 8 License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Smooth mod er and mod ÏJ so that they are regular. We leave it to the reader to prove that mod er is normal, mod er is an interior boundary if and only if er is, and r(£r) = r(mod £r). A similar statement is true for £r.
Hoping that the reader's patience is not exhausted, we make one more definition. Let 77 be a representation with A= 1, suppose it is parametrized by the usual angle parameter 0 S 0 is 277. The outer boundary of 77 is a Jordan curve ; suppose it has a positively oriented parametrization <f> (6) Proof. Suppose gx is a properly interior extension of £r to the Jordan domain Dx ; similarly let g2 be a properly interior extension of er to D2. Let s and s' be the pre-images of 8(ir) under gx ; let u and u' be the pre-images of 8(ur) under g2. Let the arcs Tx in Dx and 72 in D2 be as in Lemma 3. There is a point v* in Dx -Dx such that gx(y*)=y. Suppose s is encountered before s' as Dx -Dx is traversed from y* to y* in the positive orientation. We may assume there are no branch points of gx mapping into Ins [8(sr)y(a*)+y8(sr) (-ß Assume without loss of generality that Bx and B2 intersect in one and only one point, s' (on Bx) = z (on B2). Let L be an arc joining s and u' which touches Bx u B2 only in those points. Suppose c4 represents 8(sr)8(uT)(8) on L. Then the representation </>* defined on Tx u 72 u L by c/>*\Tx=gx, </>*\T'2=g2, </>*\L=(/>, is equivalent to a representation of r¡ augzM+N_1. This follows since gx\Tx is topologically zM; g2\T2 is topologically zN. However, one traversing of the loop by g2 is lost due to using 72 instead of 72 and taking part of 72 together with L to get a representation of 77.
We know that there is a properly interior extension g3 of </j* to the disk B3 bounded by TxuT2u L. If we define / on Bx u 7Ï2 u B3 by f\ TJ¡=gu 1 á / ^ 3, then by Theorem 9 [5, p. 336]/is properly interior and extends 8**. Clearly, by its construction/will have branch point structure as described in the theorem. Having seen that we can construct elements of F(8) from the cuts of 8, we now show that every member of T(S) arises in this way. By a similar argument we can produce a properly interior extension of cr with ¿i in r(er) such that p*=p(k +1),..., p(k*) are the multiplicities of the branch points of/** in 7>3 and 2f-i /¿(0 = AT» where Af is ths number of pre-images of S(wr) on TTr. We now only have to note that by definition of AT and N,f**\D2 -D2 represents 77 mod zM+N~1 where 77 is as in Theorem 4. Letting £ be the sequence of multiplicities of branch points of/** in D2, we have that £ is in F(r¡ aug ZM+N~1) and the branch point multiplicities of/** are it* u v* u f. The theorem is thus proved.
5. The finiteness of the algorithm. It is now necessary to show that we are in some sense better off by considering the cuts instead of the original representation 8. We have already observed that the branch point structure of S is reflected by that of its cuts. Now we modify the cuts so that they are normal and prove that they have strictly less vertices than 8. Thus, after a finite number of steps, the cut process will terminate, leaving normal representations which either have A = 1 or are Jordan curves. In either case, the branch point structure is determined; in the former case, by Theorem 1.
In If there are no nests of 8 with respect to 8" then we use mod 8* and mod 8** as the cuts. When there are nests, the modification process of [4] would cause 8** to have more vertices than S ; hence the introduction of the cuts er and £r. We have already defined mod er and mod £r and observed that they properly preserve critical point structure. Finally, we show that they have less vertices than 8.
Theorem 7. In Case B(m), mod er and mod tj have Sn -2 vertices, where 8 has n vertices.
Proof. The proof will be for er ; that for £r is similar. Except for the loop added at 8(ur), mod er traces a subset of [8] and no arc is retraced. The loop at 8(ur) adds one vertex, but it replaces a nest, which had at least one vertex. These facts imply that mod er has Sn vertices. However, 8m and 8, are not vertices of mod er and so the number of vertices of mod er is S « -2.
A given representation may have many different cut sequences, each giving rise to a different subset of T(8). We illustrate this by an example.
Consider the representation S in Figure 6 . The cuts which yield interior boundaries are shown in Figures 7-12 . Notice that any p in Y(8) which arises from a cut other than the e, t, cuts in Case B(l) has \p\ ^4. In Case B(l), e1 and Ç1 are interior boundaries (see Figures 8 and 9 ). If p is in T^1) with \p\ minimal, then |/*| = 1. T^augz2). These are listed in the example at the end of §3.
